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Chapter 1

IMPROVED TIME SERIES PREDICTION AND

SYMBOLIC REGRESSION WITH AFFINE
ARITHMETIC

Cassio PennachinMoshe Look$ and J. A. de Vasconcelbs

LUniversidade Federal de Minas Gerais, Belo Horizonte, M@A#r
2Google Inc., Mountain View, CA 94043 USA.

Abstract We show how affine arithmetic can be used to improve both thfeimeance and
the robustness of genetic programming for problems sucyrabd@ic regression
and time series prediction. Affine arithmetic is used toraate conservative
bounds on the output range of expressions during evolutidnich allows us
to discard trees with potentially infinite bounds, as welttasse whose output
range lies outside the desired range implied by the traidatgset. Benchmark
experiments are performed on 15 symbolic regression pnubbes well as 2 well-
known time series problems. Comparison with a baselinetgepegramming
system shows a reduced number of fitness evaluations dudimgng and im-
proved generalization on test data, completely elimimpértreme errors. We
also apply this technique to the problem of forecasting vgipeled on a real world
dataset, and the use of affine arithmetic compares favovétiybaseline genetic
programming, feedforward neural networks and supportoraoachines.

Keywords:  Symbolic regression, time series prediction, wind foréogs affine arithmetic,
robustness

1. Introduction

Symbolic regression is an early and important applicatibGenetic Pro-
gramming (GP). However, its practical applicability degemn avoiding over-
fitting to training data. While completely eliminating ofiging isn't feasible
in most scenarios, we should at least minimize its prolghéind extent. A
particularly damaging kind of overfitting is the error inthaced when GP in-
duces expressions containing asymptotes on points in péeaspace that are
not part of the training data. Out-of-sample evaluation@hts lying near an
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asymptote can result in extremely high errors, which makegemtion of this
form of overfitting especially important.

Numerous techniques have been proposed to make symbatssagn more
reliable, including the use of ensembles, scaling program autputs (Keijzer,
2004), penalty functions or multi-objective optimizatitmreduce complexity
and bloat (Smits and Kotanchek, 2004), interval methodg§4{&e 2003), and
combinations of multiple techniques (Kotanchek et al.,26®rns, 2009). We
focus on the application of affine arithmetic, an intervaltinoel, to eliminate
potentially harmful trees from the population during evau.

Interval methods, also known as self-validated numeriestechniques for
numerical computation in which approximate results arelpoed with guaran-
teed ranges, or error bounds. They can be used to analyzessiqms, such as
the ones defined by program trees in a symbolic regressidntevorun, and
will produce output bounds for those expressions. If a @oytree includes
asymptotes, interval methods will detect them. This preoéstatic analysis is
used in (Keijzer, 2003) and in (Kotanchek et al., 2007) taificantly improve
the generalization performance of symbolic regressionassigning infinite
error to program trees with potential asymptotes.

Since interval methods provide guaranteed bounds on tipeibrenge of a
program tree, another potential use is the detection offeethed trees which,
despite having finite bounds, are guaranteed to have badditr desirable
output range can be estimated from the training data, aed trhose output
falls outside the desirable range can be eliminated witltontplete fitness
evaluation. Because GP applied to symbolic regressionlgmab typically
generates many trees with very bad fitness (Langdon and2@0I2), this kind
of elimination can significantly boost performance. Undoidtely, the intervals
output by interval arithmetic, the simplest interval mettamd the one used in
(Keijzer, 2003), tend to be too wide to be useful for this @sg

In (Pennachin et al., 2010), we proposed a system similaeiz#t’s, but
based on affine arithmetic, a more refined interval methothirerates tighter,
although still conservative, bounds for expressions. @uhnique uses the
affine arithmetic bounds to detect and discard program tndnese outputs lie
outside a desirable range. Benchmark results for symbagjiession show that
we managed to completely avoid extreme errors on previausdgen test data,
and obtained much improved generalization when compartdhaiseline GP
or an interval arithmetic-based system such as Keijzer’s.

This paper is an extended version of our work in (Pennachad.ef010),
and we apply the same system to time series prediction prshlaVe begin
with a summary review of affine arithmetic in the next secti@ection 3 out-
lines our system that incorporates affine arithmetic in Gélwion for fithess
estimation and asymptote detection. We review resultsSamynbolic regres-
sion benchmark problems in Section 4, and present new sdaultime series
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prediction, covering 2 well-known benchmark datasets arehbworld wind
speed forecasting problem in Section 5, where we compareysiem with
well-known machine learning algorithms as well as baseBire

2. Interval Methods and Affine Arithmetic

The simplest and most widely adopted interval method isvaterithmetic
(IA) (Moore, 1966). In IA, a quantityr is represented by aimterval z =
[Z1,Zu], wherezp,, zyy € R are the interval bounds, ang, < zy. Arithmetic
operations are then based on the interval bounds. For testan

]

+9 = [Zr + YL, Tvu + Yu]

= [Tr — Y, Tv — YLl

Xy = [min(TLyr, TLYv, TuyL, Tuiv),
maz(ZLyr, TLYu, TuyL, Tuiv)]

ef — [efL’e:EU]

Kl
<

]

The major downside of IA is that sequences of operationstteadcumulate
and magnify errors. Since IA interval ranges are guarariteedntain the actual
value of an expression over the given input ranges, they eagrtibe too narrow.
As they ignore dependencies between variables, they adtehtod be too wide.
As a simple, but pathological case, consiger z, wherez = [—1,1]. The
resulting interval i§—2, 2], while clearly the correct value i, 0]. Repeated
application of error-inducing operations during expressanalysis tends to
result in error propagation and magnification.

Several extensions and improvements to interval arittortetve been pro-
posed. Affine arithmetic (AA) is an interval method origilyatleveloped for
computer graphics (Comba and Stolfi, 1993), which has fourdrge ap-
plications, including robust optimization (de Figueirediod Stolfi, 1997; de
Figueiredo and Stolfi, 2004). Affine arithmetic keeps tratkarrelations be-
tween quantities, in addition to the ranges of each quarifityese correlations
lead to significantly reduced approximation errors, esgcover long com-
putation chains that would lead to error explosion under\We. now provide
a brief overview of affine arithmetic, recommending the aboaferences for
further details.

In AA, a quantityz is represented by affine formz, which is a first-degree
polynomial:

T=z0+ 2161+ - + Tpen

wherex is called the central value &f thex; are finite numbers, called partial
deviations, and the; are callechoise symbolsvhose values are unknown but
assuredly lie in the intervdll = [—1, 1]. Each noise symbol corresponds to one
component of the overall uncertainty as to the actual vaiue @ his uncertainty



4 Genetic Programming Theory and Practice 1X

may be intrinsic to the original data, or introduced by apprations in the
computation oft.

The fundamental invariant of affine arithmetic ensures tierte is always a
single assignment of values to eaglthat makes the value of every affine form
Z equal to the true value of the correspondingAll of these values assigned
to ¢;s are of course constrained to lie in the intefjal

Correlation is accounted for in AA by the fact that the samalsgle; can be
part of multiple affine forms created by the evaluation of goression. Shared
noise symbols indicate dependencies between the undgidyiantities. The
presence of such shared symbols allows one to determirtegmiges for affine
forms that are tighter than the corresponding intervalsitdrival arithmetic.

Computations with AA involve defining, for each operatiocgaresponding
procedure that operates on affine forms and produces aingsalfine form.
Therefore, an elementary functien— f(z,y) is implemented by a procedure
2« f(&,7), such that given

T=x9+x181+ -+ X8R
o+t yie1+ -+ Yntn

<
Il
<

f produces some
Z=2z204+ 2161+ + Zmém

for m > n, preserving as much information as possible about the @ntt
embedded in the noise symbols that have non-zero coefficient

When f is itself an affine function of its arguments,can be obtained by
simple rearrangement of the noise symbols. This gives us@ddsubtraction,
and negation. Formally, for any given 3, € R, z «— ax + Sy + (:

Z = (axo + Byo + ) + (ax1 + By1)er + - + (axy + Byn)en

With the exception of rounding errors, the above formulateegs all the
information available about, ¢, andz, so it will introduce almost no error in
the uncertainty estimates. Accordingly, the above fornwilaproduce tight
bounds for operations such as- z, and identities such g + ¢) — y hold
according to this formula, unlike ininterval arithmetichi$ rule of combination
can be trivially extended to any number of inputs.

In the case ot «— f(z,y) when f is not an affine functionz is given by
f*(e1,...,en), where f* is a non-affine function fronU” to R. This is the
case for important functions such as multiplication, doms exponentiation,
logarithm, and others.

In this casez cannot be expressed exactly as an affine combination of the
noise symbols. Instead, we need to find some affine function

fU 1y vEn) =20+ 2181+ - + Znén
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which is a reasonable approximationfofoverU™, and then introduce an extra
term ziey, that represents the approximation error incurred whergugin The
noise symbok; has to be exclusive to this operation; it cannot be shared wit
other affine forms. The magnitude of its coefficieptmust be an upper bound
on the approximation error, i.e.,

|zk| > max{|f*(e1,...,en) — f*(e1,.. . en)|,€1,...,6n € U}

The choice of the affine approximatioff' is an implementation decision,
and there are many possibilities. For purposes of simplaritd efficiency, one
can consider approximations that are affine combinatiotisedinputsz andy,
S0 f%(e1,...,en) = aZ + By + (. Using affine approximations gives us only
k + 1 parameters to estimate for functionskoinputs.

These parameters have to be chosen in order to minimize grexamation
error term|z;|. The best choice, therefore, is arguably the one that ma@mi
the maximum value ofaz + B9 + ¢ — f(x,y)| over the joint rangd, 7).
This is called theChebychev or minmax affine approximatiwinf over (z, 3);
it guarantees that the volume of the joint range is minimiz&dis, however,
does not always minimize the range forlone. A minimum range approx-
imation will do that. Also, the Chebychev approximation niayoduce un-
desirable values in the range @fsuch as negative values for the exponential
function, which are avoided by the minimum range approxiomatThe choice
between the Chebychev approximation and the minimum rapgegimation
is application-dependent, although the latter is usualbier to compute.

One does not necessarily have or want to use the best affinexapgation,
however. A well-known example is the case of multiplicafiéor which com-
puting the best approximation is expensive, but a simplegdficient heuristic
is often used in its place, with an error at most four timesiggethan the best
affine approximation. Detailed presentations of the appmakons for a num-
ber of non-affine operations are provided in (de Figueiredd Stolfi, 1997),
including pseudo-code and implementation discussions.

Affine arithmetic typically gives tighter bounds than inter arithmetic, in
some cases dramatically so, as we have shown by example. vidipvitecan
also sometimes lead worsebounds. For example, the product of two non-
negative forms, when computed with the usual heuristic, megd to have a
negative lower bound in order to preserve the (linear) ddpeay information
while respecting the constrained (i.e., center-symmatratconvex) affine form
representation. To see how this can be problematic for oura@ication,
consider an expression suchlag(z * y); we need to be able to accept such
expression as valid whenandy are known to be strictly positive.

In order to handle these cases, our implementation of AAlsitdized with
standard IA, as suggested in (de Figueiredo and Stolfi, 19%fihe forms are
extended by the presence of independent minimal and maxishads, which
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by default are set to their AA minima and maxima. When a ndim@bperation
is computed, its minima and maxima according to |A are corgas well, and
the tightest possible bounds are kept and exploited by AAldavaxpressions
that would otherwise be disallowed. This is achieved by ta&iimg a residual
error term, which is adjusted after each operation to be nii@lest needed to
cover the combined (minimal) interval - see (Pennachin .et2810) for full
details. The hybrid model produces tighter bounds tharee® or 1A could
attain independently, and is not significantly costlierntipéain AA to compute.

Extensions to standard affine arithmetic have been proposaake it even
less conservative (Messine, 2002; Shou et al., 2003), dirgjuthe use of
guadratic or matricial forms to supplement the originalredfforms and pro-
vide non-linear approximations for functions such as miittation. However,
these extensions introduce significant computationalreaat and implementa-
tion complexity in return for incremental improvements acaracy, and have
not been explored in our work.

3.  Genetic Programming with Affine Arithmetic
Static Analysis of Program Trees

When a program tree is generated, it can be analyzed by reelyrapplying
the elementary operations of affine arithmetic, given irdgkrepresentations of
its inputs. For symbolic regression and time series pragicthese intervals
are estimated from the training data, and this analysispeillerate conservative
bounds for the program output over the region of the inputspavered by
the training data. These bounds can be infinite, in the case&d containing
possible asymptotes. Such trees are then eliminated frempdpulation. This
is the approach used in (Keijzer, 2003), in combination witbar scaling of
program tree outputs, to reduce generalization error inmfimregression. The
same technique was subsequently applied to the estimatiphytoplankton
concentration in oceans from satellite spectrometer nmeasents (Valigiani
et al., 2004).

Note, however, that due to the conservative nature of |A, estid@rmless
expressions that do not compute functions with asymptoteg monetheless
be eliminated. For example, given= [—2,2], IA gives an infinite interval
for the harmless expressidn/(1 + z?) because the interval computed for the
denominator straddles zero. Affine arithmetic is less cofdie, and correctly
handles the above example and many others.

Proposed System Overview

We utilize a simple, generational GP system in our experigjdrased on
Koza’s classic configuration (Koza, 1992). This baselinesgfem has pro-
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tected operators for division and logarithm, as well as caneéphemeral con-
stants. Parents are chosen for reproduction via tournasedattion. New
expressions are created via subtree crossover (prolyabifiy and mutation
(probability 0.1). Elitism preserves the top 10% of each generation without
modification. The initial population is created via the radpalf-and-half
method with a maximal depth of 6.

This baseline system can be extended by the integration efizber of
enhancements:

Interval Arithmetic As in (Keijzer, 2003), we perform static analysis of ex-
pressions through interval arithmetic to detected andtéjees contain-
ing asymptotes.

Affine Arithmetic for Asymptote Rejection Same as above, but substituting
affine arithmetic for interval arithmetic.

Affine Arithmetic for Output Bounds Rejection We determine bounds for
each expression, rejecting those that are outside theabdésirange, de-
fined as (Y1) = [min(YT) — ar, maz(YT) + ar], whereY are the
target outputs for all training cases= (maz(Y?) —min(Y'1))/2, and
« is a parameter.

Linear Scaling As in (Keijzer, 2003). Given an expression producing owput
Y for n training casesX, and withY'” being the target output values, a
linear regression can be performed as:

S = V)= V)
>y = Y)
a=YT —py

b=

whereY andY” denote the average output and average desired output,
respectively. Replacing outputs by-bY minimizes mean squared error
with respect toY'”'. Trees whose output variance is greater théhor
lower than10~7 are discarded.

We purposefully avoid introducing common improvementshsas measures
to penalize bloat, to more easily observe the impact of oopgsed improve-
ments. We believe a complexity penalty would benefit bottbtseline system
and our extensions to an equal or similar extent.

We implement the baseline system as well as the enhancemézadsnmon
Lisp, as part of the PLOP open source project (Looks, 2010).

4.  Symbolic Regression Experiments
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We test our system on the same set of 15 benchmark problendsiuse
(Keijzer, 2003), summarized in Table 1-1. Parameters aosato enable
direct comparison with (Keijzer, 2003), and were not tun&ge (Pennachin
et al., 2010) for more details on experimental setup andteesie summarize
results for the following combinations of enhancementsdesd above:

Base Baseline GP system with protected operators.

IA Linear scaling and interval arithmetic for asymptote rég@cas in (Keijzer,
2003).

AA Linear scaling and affine arithmetic for asymptote rejettio

AA+ Linear scaling and affine arithmetic for asymptote rejettiglus output
bounds rejection.

In terms of wall clock time, the baseline system is fastesgxpected, while
IA introduces a modest penal%A andAA+ are significantly more expensive,
which suggests that their application is best suited fod lpmoblems that the
other systems can’t solve effectively, as well as probleonsvhich the fitness
function is expensive to compute, thus justifying the oeadhimposed by static
analysis.

In terms of generalization ability, we use the NormalizesbRdean Square
Error (NRMS) as a performance measure:

OyT

wheren is the number of training (or test) cases;r is the standard deviation
of desired outputs for those cases, aiidb £ is the mean squared error. An
expression that always produces the mean desired outdutavié an NRMS
of 1, while a perfect expression will have an NRMS of 0.

We measure the NRMS of the best evolved expression in eadventhe test
set and compare these values with the training NRMS valugsird-1-1 shows
the ratio between test and train NRM®r each problem, as an indication
of generalization quality. The baseline system has the twgwseralization
performance, followed biA , while AA+ outperforms all other configurations,
especially on the last five problems, which are harder.

We also look at absolute test error. As an NRMS value of 1 dvertést
set implies performance no better than constantly outmgittie mean desired
value, we use this value as a threshold for overfitting. Tlselir@e configuration

1Test NRMS was capped @000 to minimize disruption caused by ill-formed exceptions lie baseline
system.
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Table 1-1. Symbolic Regression benchmarks. The last two columns ithesicow training and
test data are generated. Datasets can be uniformly spactdi¢n [lower:step:upper) or a
random sample af uniformly distributed points (notation, (lower, upper)). For multidimen-
sional problems, thflower:step:upper]notation denotes an-dimensional mesh, and hence
((upper — lower) /step)™ total data points.

Prob. Equation Train Test

1 [-1:0.1:1] [-1:0.001 : 1]

2 f(@) = 0.3zsin(27z) [-2:0.1:2] [-2:0.001 : 2]

3 [-3:0.1:3] [—3:0.001 : 3]

4 f(z) = z2e " %cos(x)sin(z)(sin’(z)cos(z) — 1) [0:0.05:10] [0.05 : 0.05 : 10.05]

5 Flw,y, 2) = 30zz xz,z=r193(—1,1) x,z=ra(—1,1)

(z —10)y? y=r103(1,2) y=r104(1,2)

6 fla)y=> 1/i [1:1:50] [1:1:120]

7 f(z) = logx [1:1:100] [1:0.1:100]
flx) =Vz [0:1:100] [0:0.1:100]

9 f(z) = arcsini(z) [0:1:100] [0:0.1:100]

10 flz,y) =Y z,y = r100(0,1) 0:0.1:1]

1 f(z,y) =2y + sin((z — 1)(y — 1))

12 fay) =zt —2®+y°/2—y

13 f(z,y) = 6sin(x)cos(y) z,y =7120(—3,3) [-3:0.01: 3]

14 fle,y) =8/(2+ 2 +4°)

15 flay)=a®/5+y°/2—y—a

produces overfit expressions in 13 problems, widleand AA suffer from
overfitting in 5 and 4 problems, respectiveyA+ outperforms all alternatives,
producing overfit trees in 1% of the runs for problem 15 and 4% eruns for
problem 13, for which the baseline system is overfit in 98%hefruns - again,
see (Pennachin et al., 2010) for full details.

5. Time Series Prediction
Benchmark Problems

Our initial experiments with time series prediction use 2Askaown datasets.
The sunspots time series (Weigend et al., 1992) measurg®é#ny count of
sunspots since 1700. It is typically split into a training severing the period
from 1700 to 1920, and 2 separate test sets, the first one f8&h tb 1955,
and the second one from 1956 to 1979. We repeat this split.tifrteeseries
is linearly normalized to fit in the interval, 1] before learning. The Mackey-
Glass dataset (Glass and Mackey, 2010) is derived from adetey ordinary
differential equation, and one typically discards the 8500 points in the time
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Test NRMS / Train NRMS for each configuration
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Figure 1-1. Test NRMS divided by train NRMS for each problem (log scale).

series, using the following 1000 points for training andfinal 500 points for
testing. No normalization is performed.

In our experiments we use a population size of 2000 indivgjulow up
to 500,000 fitness evaluations, set the maximal programhdatpt2, and use
the following function vocabulary, with protected operatahere appropriate:
+,—, X, +, exp,log, sin, cos, sqrt,1/z, —x. Inputs include the padt values
of the time series up to;, where the desired output is the one-step lookahead
valuez,; andL is alookback parameter, set to 5 for the sunspot series &hd to
for the Mackey-Glass series, according to existing litemat Other parameters
are as described in Section 3.

Results are averaged over 50 runs and we compare the baGétisgstem
with a configuration that uses linear scaling and affine arétic for asymptote
rejection, plus output bounds rejection (the equivalenAf in the previous
Section). Results using only linear scaling (not shown) reoe statistically
significant.

Table 1-2 presents results for the sunspot series. We steotypical perfor-
mance measure often reported for this time series, definéd asMSE/UQ,
where)M SE is the mean squared error amél ~ 0.041 is the variance over the
entire dataset. Typically, generalization is easy in the fest set of the sunspot
series, while it is hard on the second set. We see that in suftse where the
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baseline system does well in the first subset, but is outprgd in the second
one, while also presenting much higher variance which isreseguence of
the strong overfitting observed in some runs. R+ configuration, while
displaying a modest degree of overfitting, is much more robusso, this

configuration rejects approximately 13% of expressionsted during each
run.

Table 1-3 presents results for the Mackey-Glass series.hé@ BMS (root
mean squared error) and NRMS (as defined in the previousidgcdis well ap-
values for a two sample Kolmogorov-Smirnov test over thedes While both
configurations show little evidence of overfitting, tA&+ version has much
better performance on both training and test data, and naveérlvariance (of
results); italso rejects approximately 17.5% of the exgimass generated during
each run (around 7.3% being rejected for containing paeasymptotes, and
the remaining 10.2% for output bounds outside the desiralnige). Figure 1-2
shows error over the test set for both configurations.

Absolute Error on Mackey-Glass Test Set
0.05 T T T T T T T

AAs ———— |
Base --------
0.045 - ; -

0.04 "
005 |- R
0.03
0.025
0.02
0.015
0.01 }

0.00

[ i . an
DS, S ( PAASAY:

0 50 100 150 200 250 300 350 400 450 500

Figure 1-2. Mackey-Glass test set error for both configurations.

Table 1-2. Sunspot prediction results and Kolmogorov-Smirnov two glantestp-values.
Cfg Train Test1 Test 2
Base 0.1024+0.014 0.115+0.020 1.011 4 1.483
AA+ 0.097 £0.008 0.113 £0.013 0.427 +0.144
p-value 0.095 0.001
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Table 1-3. Mackey-Glass prediction results and Kolmogorov-Smirnves $ample tegt-values.
Cfg Train Test
RMS NRMS RMS NRMS
Base 0.016 £0.013 0.068 +0.053 0.016 £0.013 0.070 4+ 0.055
AA+ 0.002 £0.001 0.012 +£0.005 0.002 £ 0.001 0.012 4+ 0.005
p-value 1.087 x 10~ 13

Wind Speed Forecasting

Wind provides a non-polluting renewable energy source, iah@ds been
growing in importance over the past several years as casditempt to min-
imize their dependency on fossil fuels and reduce their sions. However,
wind power production is highly volatile, as it depends onavspeed, which is
determined by a number of weather factors. Therefore, wiregd prediction
is an important problem in the clean energy world, and it &lg® applications
for the wider energy production and market sectors (Lei e2&i09).

One can perform wind speed forecasts on multiple time scaidsdifferent
application purposes (Soman et al., 2010). Long-term ptiedi can be used
as an aid in wind turbine location decisions. Short term jotexh on daily data
can be used to estimate wind power generation over the neat48thours, and
those estimates are used to determine how much power wilebded from
traditional sources. Finally, very short term predictiaver minutes up to a
couple of hours, is useful for energy auctions as well agidat grid operation,
as wind speed is a major factor in overhead transmissionaimpacity? and
forecasts can be used to guide dynamic rating systems (Miclind Taylor,
2009). A number of statistical and machine learning tealesghave been
applied to this problem, such as neural networks and autessiye integrated
moving average (ARIMA) models.

Herein we focus on short term, daily prediction. We run ekpents on two
wind speed time series, corresponding to the weather statiothe southern
Brazilian cities of Curitiba (station code 838400) and FEloopolis (station code
838990), respectivel.We use data from the years 2008 and 2009 for training,
and test on data covering the first 11 months of 2010. Botlesearntain
missing entries, and we handle that by replicating the pres/bbservation.

We note that wind speed forecasting is a very complex propkemd one
shouldn’t hope to build accurate models using only past wjmekd as inputs.
Several climatological factors have as much or more infla@mmone-step looka-

2Ampacity is the maximal current a transmission line canycaithout being damaged.

3These time series were obtained from the US National Clanagta Center (NCDC), and are part of
the Global Surface Summary of Day Data (GSOD) base, aveligial http://www.ncdc.noaa.gov/
cgi-bin/res40.pl?page=gsod.html
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head wind speed, such as temperature, pressure, humglitelbas seasonal
factors and other climate phenomena. In fact, using only\wemsl speed data
can be actively misleading, and lead to very poor out of sampgiformance.
Our goal, therefore, is to provide acceptable out of sameiopmance, deter-
mined as beating a zero-intelligence model that alwaysutsitfhe mean value
of the past data. Such model would have a test set NRMS vesg ¢tnl, so

the same overfitting test we devised for symbolic regressiddection 4 can

be used here. We note that the zero intelligence benchmé&sgigently used

in the wind forecasting literature (Soman et al., 2010; lteile 2009).

The system configuration is the same as used in the benchimassnted
above. No normalization is performed on the data (prelimyirexperiments
with both linear and zero-mean unit-variance normalizasioowed no improve-
ments). We also present results from feed-forward neurtalaris trained via
backpropagation and support vector machines using thedaukernel for
regression. Parameters for neural nets and SVMs are tuaenlosgs-validation
on the training set. We use code from the WEKA open sourceegr@Hall
et al., 2009). We execute 10 runs for each configuration oh dataset.

Table 1-4 presents summary results for both time series. ekoh series,
we show test RMS, as well as the percentage of runs with gooergkzation
(defined as a test NRMS below 1). Given the difficulty of thebpem, the
higher RMS values are not unexpected. We see that the bassigtem is
competitive with SVMs, while neural networks have the wagrstformance.
The AA+ configuration is the only one to achieve good generalizatiorall
runs.

Table 1-4. Wind speed prediction results on 2010 data (test set).

Cfg St. 838400 St. 838990
RMS %NRMS <1 RMS %NRMS <1

Base 2.001 60 2.165 20

AA+  1.972 100 2.125 100

SVM  2.070 40 2.203 30

NN 4.023 0 5.149 0

Figure 1-3 shows the actual time series and predicted valneke test set
for one of theAA+ runs.

6. Conclusion

We have developed a GP system that utilizes affine arithreetdetect and
discard program trees that might include asymptotes, asultalestimate the
output bounds of these trees and discard those that liedeldsiesirable range,
determined from training data. Our system greatly improwesof sample
performance for symbolic regression problems, when coetpaith a baseline
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Wind Speed Forecasting (knots)
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Figure 1-3. Actual and predicted wind speed values over 2010 for theti®anveather station.

GP system as well as a similar system that relies on interitahaetic, a simpler
but less accurate estimation method.

We have applied the same system to time series predictidrigms. Ex-
periments on the Mackey-Glass dataset show much higheraagcand lower
variance than the ones obtained with baseline GP. Similexjyeriments on the
sunspot time series show better generalization and lowemae. Experiments
on the much harder wind speed forecasting problem also simpnoived gener-
alization in comparison with standard GP as well as leadiagiime learning
method such as SVMs and neural networks.

We should note that our improved generalization comes ata jor runtime,
as theAA+ configuration is more computing intensive than the baseBire
system, by a factor of 3-5 on the time series experimentspted here. The
extra cost of affine arithmetic evaluation can, however, &stly reduced by
caching the estimated output ranges of subtrees, so onlglafsaction of each
program tree needs to be re-estimated after crossover atiomt Another
alternative to reduce the computational overhead woulddropning static
analysis only on a subset of the population, such as indn$dselected for
recombination.
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Future research opportunities include the incorporatibotber improve-
ments over standard GP, such as ensembles and complexéliggnas done
in (Kotanchek et al., 2007); devising improved mutation arassover opera-
tors that take into consideration the estimated outputaai§subtrees; pruning
operators that eliminate constant or low-variance subfneplacing them with
new constant input nodes; automated building block ideatiton and preserva-
tion through analysis of shared affine arithmetic noise syis1m subtrees; ex-
ploring potential limitations of linear scaling (such aslatg-deceptive search
spaces) as well as alternative ways to scale program owpdi;finally, appli-
cation to other problem domains such as ranking and supehakssification.
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