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Abstract

We present random sampling algorithms that with probabditleastl — & compute a(1 £ €)-
approximation of the clustering coefficient, the trangivcoefficient, and of the number of bipartite
cliques in a graph given as a stream of edges. Our methodseoaxténded to approximately count the
number of occurences of fixed constant-size subgraphs. Iarithms only require one pass over the
input stream and their storage space depends only on s@lptrameters of the graphs, the approxi-
mation guarantee, and the confidence probability. For elgrtipe algorithms to compute the clustering
and transitivity coefficient depend on that coefficient bott on the size of the graph. Since many large
social networks have small clustering and transitivityficient, our algorithms use space independent
of the size of the input for these graphs.

We implemented our algorithms and evaluated their perfan@an networks from different appli-
cation domains. The sizes of the considered input graplisd/énom about8, 000 nodes andt0, 000
edges to abouit35 million nodes and more than 1 billion edges. For both algani we run experiments
with a sample set size varying froh®0, 000 to 1, 000, 000 to evaluate running time and approximation
guarantee. Our algorithms appear to be time efficient f@dtsample sizes.

1 Introduction

The analysis of the structure of large networks often rexguihe computation of network indices based
on counting the number of certain small subgraphs. In théysiseof complex networks, the clustering
coefficient [21] is an important measure of the density o$tdts in graphs and the degree at which clusters
decompose in communities [5]. The clustering coefficied{ |2 defined as the normalized sum of the
fraction of neighbor pairs of a vertex of the graph that aneneted. The related transitivity coefficient
of a graph [9] is defined as the ratio between three times theeuof triangles and the number of length
two paths in the graph.

Frequent subgraphs in networks are also catkedifs Motifs are considered as the building blocks of
universal classes of complex networks, whose detectiodsshght in the process of network formation
[19]. Specific motifs can be found with similar frequency ongplex networks originated from the same
application domain, as for instance in biochemistry, nbiglogy, ecology, and engineering [18].

In more recent times, much attention has been devoted tontilgsis of complex networks arising in
information systems, from software systems, to overlawagkts and physical connections. In the domain
of Web applications, the observation of certain dense by of small size has been considered in the
attempt of tracing the emergence of hidden cyber-comnasit[12, 15]. For instance, a model of the
process of growth of the hyperlinked structure of the Welj,[@8noted as theopying modeluse these
dense subgraphs as building blocks of the process of fasmafithe webgraph.
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Counting the number of certain subgraphs in a large graptcisalienging computational task. The
current state of the art provides methods that are eithepatational unfeasible on large data sets or do
not provide any guarantee on the accuracy of the estimafiba.best known methods for the solution of
the simplest non trivial version of this problem, i.e. cangthe number of triangles in a subgraph, reduces
to matrix multiplication [4]. This is not computational fghle even on graphs of medium size, because
of time complexity and the space required to store the whi@plyand the related data structures in main
memory. Schank and Wagner [20] give an extensive experahstudy of the performance of algorithms
for counting and listing triangles in graphs and computhmgdlustering coefficient. The state of the art on
this subject is allso discussed in [14].

A natural way to address the problem of computing with ma&sdata sets is to resort to the data stream
model [10, 17]. In this model data arrives in a stream, ome @éa time, and the algorithms are required to
use very little space and per-item processing time. Secgraa slower memory storage devices naturally
produce data streams for which multiple passes of computatie usually prohibitive due to the volumes
of stored data. In several network contexts, the applinatgeive data without pace from remote sources.
Data stream computation allows also to compute on-linezagliequantities without incurring a large cost
for organizing and storing data. We refer for instance ttrithisted crawlers collecting Web pages and their
links, and performing structural analysis of the Webgrapbrgo transfer data to a storage device.

Data stream algorithms have been proposed for problemsdikgutation of frequency moments [1],
histograms [8], Wavelet transforms [7], and others. Thigddbody of work contrasts with a lack of efficient
solutions of natural graph problems in the streaming motlebmputation [10]. Bar-Yosseff, Kumar and
Sivakumar [22] give a first solution for counting trianglesthe data stream model. They consider both
the "adjacency stream model” where the graph is presentadsaguence of edges in arbitrary order and
there is no bound on the degree of a vertex, and the "incidsmmeam” model where they consider only
bounded-degree graphs and all edges incident to a verteprasented successively. Their algorithms
provide ane approximation with probability — 6 using a number of memory cells in some cases smaller
than a naive sampling technique algorithm. The algorithra®hatained through a so called "list” efficient
reduction to the problem of computing frequency moments $ljbsequently, more algorithms have also
been developed for the adjacency stream model [11].

Our results. In this paper we report on a stream of research aimed to develmlom sampling data

stream algorithms for computing network indices on vergdagraphs. In particular we concentrate on

the clustering coefficient, the transitivity coefficienthdathe number of bipartite cliques in a graph in the

incidence stream model. Our algorithms, that find applicetito the problems of detecting the existence

of dense clusters in a graph, are based on the random sardptimgtream algorithms that approximate the

number of triangles in a graph in the adjacency stream anithtidence stream model presented in [2, 3].
To compute the transitivity coefficient it essentially stéf to compute the number of triangles in a

[T2|

graph. We develop a data structure for this task that (Dseeé Iog(%) log(IVN) (1 + W)) memory cells,

whereT; denotes the set of node-triples havingdges in the induced subgraph. This improves by a
guadratic factor the result of [22]. Observe ti‘g% is exactly equal td /3 of the inverse of théransitivity
coefficienof the graph, an universal measure whose value for netwdgksotical interest is hardly bigger
than10°.

We also present a 1-pass streaming algorithm which withglitity 1—6 returns g 14-¢)-approximation
on the clustering coefficienf ¢ of a graphG when the graph is given as a incidence stream. It needs
O(log M - 1) memory cells.

Denote byK; ; the set of complete bipartite cliques in the graph where eclvertices link to all of
j vertices. As a further contribution we provide a data stra#gorithm that provides an approximation of
the number oK 3 3 of the graph in the incidence stream model ordered by detinaodes with outdegree

bounded byA which need (Iog(\Vl) . %) memory cells.

We also provide an optimized implementation of the two passion of the presented data stream
algorithms and a test on networks including large webgragtephs of the largest online encyclopedia
Wikipedia [16], graphs of collaborations between actoid amthors.

Our algorithm for approximating the transitivity coeffinteprovide excellent approximations with a




sample of sizel0°. For the algorithm that estimates the number of bipartiguels, we find out that a
number of10°> samples already suffices to detect a large number of bipatiifues. We expect similar or
even better results for the algorithm that approximateshistering coefficient that we plan to implement
and test in the near future.

2 Preliminaries

We consider the following models of computation for undiegcgraphs in data streams. L&t= (V,E)
denote a directed graph without self-loops. We assumeGhatgiven as a stream of incidence lists. Let
L(v) denote the incidence list of vertex The incidence list of vertex contains all edges that are directed
to a vertexv, i.e. all edge® € E of the forme = [u, V) for someu € V. When we consider undirected
graphs, we simply assume that every edge is representecbhynsirected edges.

Definition of Clustering Coefficient. Let G = (V,E) be an undirected graph. For every vertex V
let A/(v) denote its neighborhood, i.&/(v) = {u € V : 3(u,v) € E}. Theclustering coefficient, of a
vertexv € V of G is defined as the probability that a random pair of its neigeconnected by an edge,

. R E:ueN dveN X
i.e.C, = H(u V)€ uew((vv,)‘an ve MH . In case of ' (v)| < 2 we defineC, := 0.

2
The clustering coefficienCg of G is the average clustering coefficient of its vertices, i@ =
1. Y C
n vev =V -

Transitivity Coefficient. The transitivity coefficient of a graph is defined as the ratttween three times
the number of triangles in a graph devided by the number dfgat length2. Since in our model it is
easy to compute the number of paths of lendjth suffices to compute the number of triangles in a graph
to compute the transitivity coefficient.

3 Approximating the Clustering Coefficient

In this section we sketch how one can obtain a 1-pass algotihapproximate the clustering coefficient.
We start with the following algorithm from [20], which can baplemented as a 2-pass algorithm

APPROXCLUSTERINGCOEFFICIENT(G,s)
samples verticeswy, ..., ws uniformly at random
fori=1tosdo
sample a random pafis, v), u # v, of points from\ (w; )
if (u,v) € EthenX; =1
elseX; =0
Output X:=1-3°  X;

i=1

Itis easy to see that the algorithm can be implemented in tigsgs over the data. One pass to selected
the random vertices and the random pairs of neighbors arti@nmass to check for each pair of neighbors
whether they are connected by an edge. The next corolldopsfsimmediately from [20][Theorem 1].

Corollary 3.1 There is a 2-pass streaming algorithm which with probapilit— 6 returns a(1 + €)-
approximation on the clustering coefficie@; of a graphG when the graph is given as a incidence

stream. It need®(log 1 - ﬁ) memory cells.

3.1 A one-pass algorithm

We show that it is also possible to get a one-pass algorithgairAwe sample a vertex uniformly at
random, pick two of its neighbors uniformly at random, andabtwhether these neighbors are connected
by an edge.



To pick two random neighbors of we use random hash functions in a way somewhat similar to
random sampling in dynamic data streams [6]. We will reqlgen guesseg’ for the degree ofv. For
each guess we pick a random hash functigpn vV — {1, ..., 2}. For the right value of the hash function
will map with constant probability exactly two vertices finche neighborhood/(w) of w to the valuel,
i.e.]h~'(1) NN (w)| = 2. Conditioned on this event, the two vertices are distributeiformly at random
among\ (w). In this case the algorithm outputs a random variableith expected valu€, in all other
cases it outputs an errat §. For simplicity of presentation, we assume fully randorathunctions.

In the algorithmu;, v; are random variables for the first and second neiglkbafrw with h;(x) = 1.
The variableX; denotes the output value,jif= [logd], whered is the degree ofv. If we do not have
=11 NN (w)| =2, we set; = L.

To implement the algorithm as a one pass streaming algorithrhave to care about the testse
L(x)? andu; € £(x)? that have to be performed by the algorithm. Since bothndu; are known when
we start to parse€(x) (or u; = L, which means the second test is not executed) we can mathiain
information on the fly.

ONEPASSCLUSTERINGCOEFFICIENT
sample a vertexw uniformly at random
forj=1tologV +1do
Xje=Lyu Ly vye— L
h; « random hash functioh : V — {1, ..., 2’}
for eachincidence list£(x) in the streanto
forj=1tologV +1do

if hj(x) =1andw € L£(x) then Il (x € N'(w) will be sampled)
if uy = Lthenu; « x I (x is first random neighbor aof)
else
if v = L then
v; =X Il (x is second random neighbor of)
if uj € L(x)thenX; « 1 /I (check, if there is edge between andv;)
elseX; « 0
elseX; — L (" NN (w)] > 2)
if x =wthend « [L(x)]| /I (set the degree of w to the right value)

if d < 2then outputO
if d > 2 then output X[oga7

Theorem 1 With probability4‘—4 the algorithmONEPASSCLUSTERINGCOEFFICIENT does not output..
If it does not outputl it outputs a0 — 1 random variableX with expected valuE[X] = Cg. a
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—2—) instances. From
€ 'CG
log(1/6)

Chernoff Bounds it follows that with probability at leakt- /2 at IeastW instances report a suc-

cess. From the previous section it is clear that using thdteesf the successful instances the clustering
coefficient can be approximated up to a multiplicative eafor with probability1 — 6.

To approximate the clustering coefficient in one pass we star @(Iog% .

Theorem 2 There is a 1-pass streaming algorithm which with probafpilit-6 returns a(1+e€)-approximation
of the clustering coefficient ¢ of a graphG when the graph is given as an incidence stream. It uses
O(2e1/2) 09V ) memory cells. 0

G

€2

4 Transitivity Coefficient

We will only describe a 3-pass algorithm. Using techniques similar flavour as in the previous section
it is possible to combine these passes to a 1-pass algoi@tmre the algorithm also computes the number
of paths of length 2, we immediately get an approximatiorttiertransitivity coefficient.



SAMPLETRIANGLE
1st. Pass:
Count the number of paths of leng2hin the stream.
2nd. Pass:
Uniformly choose one of these paths usingIBORMTWOPATH of [3]
Let (a, v, b) be this path
3rd. Pass:
Test if edge(a, b) appears within the stream.
if (a,b) € Ethenp =1
elsep =0
return

The number of paths of lengthis exactlyP := [To| + 3 - |T3| = Z‘LH di - (dy — 1)/2. Thus we

can count the number of paths of lengttby computing the degree of each vertex. The second pass

can be implemented using reservoir sampling. The algorBamPLETRIANGLE outputs a valug with
expected valug[fB] = % Using similar techniques as in the previous section we chrege high
concentration and combine the three paths into a single pissummarize our results in the following

theorem.

Theorem 3 There is a 1-Pass streaming algorithm to count the numbeiiarigles in incidence streams
up to a multiplicative error ofl + € with probability at leasfl — 6, which need$) (s -log|V|) memory cells

and amortized expected update ti@dog(|V]) - (1 +s - (%))), where

ITo| + 3 - [T3|
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5 Counting K33

Using similar but somewhat more involved techniques asemiievious sections we can also estimate the
number ofK3 3 in a directed graph.

Theorem 4 There is a 1-Pass streaming algorithm to count the numbétz0f in incidence streams or-
dered by destination nodes with outdegree boundedl b to a multiplicative error ok with probability

. Kz 1-A%In(1)
at least1 — &, which need® (Iog(lV\) . Tezé) memory cells. a

6 Computational Experiments

We run our experiments on three datasets. The first datagsist® of an instance of theebgr aph of
135 million nodes and 1 billion edges. It was obtained fronraph extracted in 2001 by the WebBase
project at Stanford [23].

The second data set contains instances used in the exp&simparted in [20]. These instances include
two social networks based on coplay of actors, one netwa&dban coauthorship in computer science, an
instance based on the 2002 Google contest, and a networkeofi@t routers and their connections. The
third set of instances is originated from the link structof®Vikipedia [16], from an old dump of June 13,
2004 [16].

We give some typical experimental results for the problensahputing the transitivity coefficient,
i.e. the problem of counting the number of triangles in a frdgor all runs of all instances we detected
one or more triangles in the sample used. The average pageedeviation is rather small. Even for a
sample size of 1,000 samples we can get reasonable gootbréEuk average percentage deviation from
the exact number of triangles for all instances, butwtkbgr aph, are 5.10%, 2.17% and 0.85% for the
sample sizes of 10,000, 100,000 and 1,000,000, respsctiihilar results are obtained for the problem
of counting the number of bipartite cliques and are also etquefor the implementation of the algorithm
for approximating the clustering coefficient.
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G aph r=10, 000 r=100, 000 r=1, 000, 000 Tz+—3§T3
T3 Qt(% Ti me T3 Qt(% Ti me T3 Qt(% Ti me

webgraph 7,991,057,264 - 153.74 7,541,370,749 - 393.74 7,993,479,298 - 490.54
6,461,924,928 - 153.55 7,384,193,673 - 392.2¢0 8,097,287,808 - 490.0q
9,977,868,646 - 153.69 8,337,706,066 - 393.92 7,591,170,489 - 491.28

actor2004 1,127,610,593 -4.16 12.29 1,155,564,261 -1.79 33.28 1,181,693,982 0.43 35.84 0.174932
1,111,095,851 -5.57 12.52 1,192,599,566 1.36 20.28 1,177,782,402 0.10 35.11
1,177,449,181 0.07 12.12 1,175,270,762 -0.11 20.30 1,178,307,250 0.14 85.4

google-2002 43,353 -1.22 0.28 45,489 3.65 1.20 44,765 2.00 4.97( 0.004922
45,293 3.20 0.28 45,435 3.52 1.00 43,704 -0.42 4.85
37,346 -14.91 0.27 42,420 -3.34 0.99 44,208 0.73 7.55

actor2002 344,973,896 -0.53 6.70 345,817,151 -0.29 11.93 347,151,238 0.10 24.36 0.110693
351,507,109 1.35 6.59 347,683,085 0.25 12.03 345,810,766 -0.29 24.39
330,775,554 -4.62 6.67 344,359,433 -0.71 12.0Q 347,532,178 0.21 55.14

authors 1,636,611 -1.73 0.43] 1,665,394 -0.01 1.21 1,670,148 0.28 4.47] 0.227631
1,586,971 -4.71 0.44 1,648,484 -1.02 1.19 1,665,792 0.02 4.45|
1,633,188 -1.94 0.44 1,650,487 -0.90 1.20 1,664,291 -0.07 6.86|

itdk0304 458,517 0.76 0.33 449,558 -1.21 1.24 457,604 0.56 4.58| 0.040506
399,317 -12.25 0.34 458,260 0.70 1.11 451,481 -0.79 4.44
438,002 -3.75 0.34 453,440 -0.36 1.11] 451,358 -0.81 6.40|
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